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ABSTRACT 
There is a concrete example of a positive linear map from M, to M, which is not 
decomposable. Modification of this map gives an explicit counterexample to a conjec- 
ture of Woronowicz on the strong Kadison inequality. 
1. INTF?ODUCTION 
The main concern of this paper is the construction of some concrete 
counterexamples as explicit illustrations of certain peculiar phenomena in the 
structure of positive linear maps between complex matrix algebras. In particu- 
lar, there is a positive linear map from M, to M, which is not decomposable. 
Modification of this map gives a counterexample to a conjecture of Worono- 
wicz on the strong Kadison inequality. 
Throughout this paper, M,, denotes the algebra of all n X 72 complex 
matrices. I denotes the identity in M,. For a matrix A, A* denotes the 
transpose of the complex conjugate of A. A square matrix A is positive (in 
notation A > 0) if A = A* and all its eigenvalues are nonnegative. The set of 
all positive elements of M, is denoted by MT. M,( M,) is the collection of all 
n X n block matrices with m X m complex matrices as entries. Each element 
of M,( M,,) can also be regarded as an element of M,,,. With this identifica- 
tion, M,(M,,)+ means M,,,. 
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direction of Professor Man-Duen Choi, to whom Ihe author wishes to express his deep gratitude. 
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Let @: MI1 4 M,,, be a linear map. CD is said to be unitul if @(I ) = I. @ is 
positive if Q(A) is positive for every A E M,i. @ is completely positive 
(respectively, completely copositiue) if [ fB( A I j)] f, I= I (respectively, 
[@(A j,)] f: j= I) is positive for every positive integer k and every [A, j] f, i= L in 
A4,( Al,,) +. A positive linear map is decomposable if it is the sum of a 
completely positive linear map and a completely copositive linear map. A 
result of Choi [2] shows that a positive linear map cf, : M,, + M,,, is decom- 
posable if and only if there exist n X m matrices v( and Uj such that 
@(A) = c V,*AV, + c U;A”Uj 
for every A in M,, where At’ is the transpose of A. 
Must every positive linear map be decomposable? The first counterexam- 
ple was given by Choi ([3, Theorem 21; see also [4, Appendix B]); his map is 
from M, to M,. Later Woronowicz [9, Theorem 6.11 provided examples, 
supported by indirect proof, of positive linear maps from M, to M, which 
are not decomposable. More examples are given in this paper (Example 2 and 
Example 3). 
A result of Woronowicz [B, Theorem 5.11 shows that if @ : M, + M,,, is a 
unital decomposable positive linear map, then Cp satisfies the strong Kadison 
inequality: for every T, A in M, with T > A*A and T > AA*, we have 
Q(T) > a( A*)@( A) and a(T) > a( A)@( A*). Woronowicz has conjectured 
that every unital positive linear map satisfies the strong Kadison inequality. 
Kirchberg [6] has shown by a nonconstructive proof that there exist counter- 
examples to Woronowicz’s conjecture. In this paper, there is a unital positive 
linear map from M, to M, which serves as a concrete counterexample to 
Woronowicz’s conjecture (Example 4). 
Calderbn [l] has proved that every positive semidefinite M,-coefficient 
quadratic form with two real indeterminates admits a certain kind of factor- 
ization. We may ask if an analogous result holds for complex indeterminates. 
Example 7 gives a positive semidefinite M,-coefficient hermitian form with 
two complex indeterminates which does not admit such a factorization. 
2. COUNTEREXAMPLES 
The following lemma is needed in the construction of our counterexam- 
ples. 
LEMMA 1. Let 0 -z p < 1 and 0 < E < ip”. Then the function 
p( zl, z2, x3, z3, t) with complex indeterrninutes given by 
P(Z,, zz,z3, z4, t> = - EI$12 + Iz1- tz212 + Iz2 - tz312 
+ lz3 - iz212 + lz4 - iz312 + lz3 + ptz, - tz4j2 
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is positive semidefinite, i.e., p(zl, z2, zn, z4, t)>, 0 for every x1, z2, z3, z4, t 
in 43. 
Proqf. If z , = 0, then the assertion is obvious. So let z I # 0. Suppose that 
1 z 0 and p(z,, z2, .z3, z4, t) < 0, 
Apply the Cauchy inequality to 
(It12 - l)z, = (It12 - l)( z1 - tz2) - t( z2 - h3) - t”( zg - iz,). 
Then 
(It12 - 1)21z,(2 < [ (it12 - 1)“+ ItI2 + If\41 E1Z1(2, 
and so 
Since E < i, it follows by direct computation that 
ItI “>$. 
Applying the Cauchy inequality to 
ptz, = - i( z2 - tzg) - ( z3 - tz,)+t(z,-kJ+(z,+ptz,-tz,). 
Then (ptz,12 < (21tj2 +2).4z,l’ and so 
which is a contradiction. Thus p(z,, z2, z3, z4, t) > 0 for every z,, z2, z3, z4, t 
in C. n 
For 1 =g i, j 6 n, let Eij E M, be the matrix with 1 at the (i, j) entry and 
0 elsewhere. { Ei j }:, j= 1 are called the canonical matrix units of M,. Note that 
[Eijl 7, j= 1 E Mn(Mn)+. 
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EXAMPLE 2. LetO~tL(landO(E~~~‘.Thelinearmap~~Mz-M, 
defined by 
(1 - &)a + p’d -b /AC -Pd -c a+Zd -2h 0 
pb - 2c 2at2d -2h 
--pd 0 - 2c a+d 1 
is positive but not decomposable. 
Proof. 
(I) @ is positive. It suffices to prove that 
@([:I[” t])EMi foreverys,t inC, 
i.e., 
“**([;][” +a0 
for every 
X= 
andeverys,t inC.If s=O,then 
Xl 
x2 [I x3 inC4 *4 
x*a([;][i t])x=ltl~(11”X1-xXql~+21X~l~+21x,l~) 
> 0. 
If s # 0, we can assume w.1.o.g. that s = 1. Then 
x*@( [ ;]b i])x 
= - ElX112 + 1x1- ix212 + 1x2 - ix.J2 
+ Ix3 - &,I2 + Ix, - &,I2 + Ix3 + pLtxl - ix412 
>O 
by Lemma 1. 
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(2) @ is not decomposable. Let x = 1/(1-p’) and y = p/(1 - p’). If 
I is the identity in M,, and 
then 
Q > 0 and 
[ 1 z B*>o B C” 
To see this, since 
Y X-l -= -=I”> 
x Y 
we have 
y 0 0 x-l I 20 
and 
x-l 0 0 y 
Hence 
38 
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[L :I=[: :I[(: ,_OBR’l[; R;1zo. 
Suppose that @ is decomposable, i.e., ip = @r + @‘2, where @,, aD,: M, + M,, 
@‘1 completely positive and @‘e completely copositive. Since [Ejj] y, j= 1 E 
Mz(M2)+, we have [~,(Eij)]~,j=,>,O and [(a,(Eji)]~,j=l>-O. Hence 
=trace(Q.[Q’l(Eij)] i,ji+trace(Q.[~2(E,j)] i,j) 
= trace( 0. [@l(Eij)] I.i) +trace([i y][8,(EjLl] ,j) 
However, by direct computation, trace( Q. [ @( Ei j)] f j= 1) = - E (note that 
p2x - 21”~ + x = l), which is a contradiction. Thus @ is not decomposable. n 
REMARKS. 
(1) Since a,( I) is positive and invertible, the map 
A c, O(Z) -““@(A)@(Z) p1’2 
is unital and positive but not decomposable. 
(2) Woronowicz [8, p. 1761 has used the matrix Q (for p= 2) to show, by 
a nonconstructive proof, the existence of a positive and nondecomposable 
linear map from M, to M,. 
For every positive integer n, equip M, with an inner product (. , .) 
defined by 
(A, B) = trace(AB*), A,BEM,. 
Let\k:M,+M, be a linear map. Define the transposition map \k’ of \k by 
(*(A), B)= (Ad”(B))> AEM,, BEM,. 
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Then P’ is a linear map from M, to M,, and the following relation between 
* and P’ can be obtained easily from the definition: \k is positive (respec- 
tively, decomposable) if and only if 4” is positive (respectively, decompos- 
able). By taking the transposition of the map @ in Example 2, we obtain 
EXAMPLE 3. Let 0 < p < 1 and 0 < E < $p2. The linear map QT: M, + 
M, given by 
is positive hut not decomposable. 
Proof. As remarked above, since @ is positive but not decomposable, so 
is @‘. We can also give a direct proof as follows: 
(1) aT is positive. The proof is the same as that of Example 2, using 
Lemma 1. 
(2) Cp’ is not decomposable. Suppose the contrary, that QT is decom- 
posable, i.e., Cp is the sum of a completely positive linear map and a 
completely copositive linear map. Then [QT(Aij)]F, j= 1 E Ml for every 
[Aij]F,j=, in M,(M,) with both [Aij]f,j,, and [Aji]f,j=, in M&M,)+. Let 
1 B 
[ 1 B* C 
be the matrix defined in the proof of Example 2. Then 
[li* :I and [ii :I 
are in M,(M,)‘. However, 
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[ 
5--E -5 >* 
-5 5 I 
[note that the (2,2) entry of QT(C) is p %-2py+4+x=S,sincep=y/x= 
(x - I)/ y]. Hence aT is not decomposable. n 
Woronowicz [8, Theorem 5.21 has shown that for n < 3, every unital 
positive linear map from M, to M, satisfies the strong Kadison inequality. 
Kirchberg [6] (see also [7] for a simplification) has shown by a nonconstruc- 
tive proof that there exists a unital positive linear map from M, to M, which 
does not satisfy the strong Kadison inequality. By normalization of the map 
cPT in Example 3, we have a concrete counterexample. 
EXAMPLE 4. Let 0 < p < 1 and 0 < E < +p2. The unital positive linear 
map Sr : M, -+ M, defined by 
= a((1 - E)Qll 
[ 
+ az2 +2am + a,,) 8( - 012 ~ 2~ + pa31 ~ %4) 
P(~u,,-azl-2a3z~2a43) y( $a,, - pa,, +2a2, +2a,Q - w4, 1 +u4*> ’ 
where 
(y = (5 - E) -l, p= [(5-E)(5+p2)]-1’2, and Y=(~+P’)-~> 
does not satisfy the strong Kadison inequality. 
Proof. From Example 3, QT is positive and 
W(Z)= 5;E [ 5+o,2 1 
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is positive invertible. SG q is positive and unital. Let B, C E M, be the 
matrices in the proof of Example 2. Then C >, B*B and C 3 BB*, but 
w(z)-“” 0 
I[ 
WZ) Q’(B) 
0 w(z)y2 fDT( B*) OT( C) 
w(z)-“” 0 
0 W(Z) -1’2 1 
since 
W(Z) W(B) 
w(B*) W(C) ?” 1 
(see the proof of Example 3). Hence q(C) + q( B*)\I/( B). w 
REMARKS. Choi [4] has proposed the following conjecture: if Q : d + 93 
is a unital positive linear map between C*-algebras .eZ and .%?, then @(A*A) 
>, @(A*)@(A) and @( A*A) > @( A)@( A*) for every hyponormal operator A 
(i.e., A*A > AA*) in ~2. Choi [4] has shown that this conjecture is equivalent 
to Woronowicz’s conjecture [8] that every unital positive linear map between 
general C*-algebras satisfies the strong Kadison inequality (note that M, is an 
example of a C*-algebra). Using the map q in Example 4 and the construc- 
tion in the proof of [4, Proposition 3.71, we can give a concrete counterexam- 
ple to Choi’s conjecture as follows. Let B(Z2) be the algebra of all bounded 
linear operators on the Hilbert space Z2 of all square summable sequences of 
complex numbers, and let P : B( 1 2, + M, be the unital positive linear map 
defined by 
where * is the map in Example 4. Then there exists a hyponormal M in 
B(Z2) (i.e., M*M>MM*) such that r( M*M)& r(M*)I'(M). 
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In [l, Theorem 21, Calderon has proved the following result: Let F be an 
M,,coefficient quadratic form 
F(x,, x2) = A,x; + A,xlx, + A,x; 
with real indeterminates xi, x2 and fixed matrices A,, A,, A, in M,. If 
F(x,,x,)>O for every xi, x2 E R, then there exist 2 x m matrices G i, G, 
such that 
F(x,, ~2) = (G,x, + G&*&x, + G,x,). 
We can ask an analogous question. 
QUESTION A. Let F be an M,,,-coefficient hermitian form 
F(x,, x2) = A,x,~, + A2xl.r, + A,x$, + A+& 
with complex indeterminates xi, x2 and fixed matrices A,, A,, A,, A, in 
Mnl. If F(x,, x2)>, 0 for every xi, x2 in C, do there exist 1 X m matrices 
G,, G, and m X 1 matrices Hi, H, such that 
F(x,,x,)= f G. lizI zxz)*[flGixi)+[~lHixi)[~lHixi)*’ 
It turns out that the answer is affirmative if m < 3, but negative if m >, 4 (see 
the remarks after Proposition 6). We shall provide a concrete counterexample 
for the case m = 4 (Example 7). 
Let L(M,, M,) be the set of all linear maps from M, to M,, and let 
L(x i,“‘, x,; M,) be the set of all Mm-coefficient forms F(x,,. .., x,,)= 
XAijxirj with complex indeterminates xi,. . . , x,. The map 
L(M,, M,) + L(xi,..., x,; M,) 
given by 
is a linear bijection. Furthermore (cf. [3, p. 97; 5, p. 5871) 
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PROPOSITION 6. 
(i) Q, is positive 
e FQ(xl,..., ~.)>,Oforeveryx~,...,x. in 43. 
(ii) @ is completely positive 
cJ FQ is of the form (~~=lHixi)(~~=‘=,Hixi)* for some m X I matrices 
H 17”” H, and some integer 1. 
(iii) Q, is completely copositive 
- FQ is of the form (C~,,G,X~)*(C~=~G,X~) for some 1 X m matrices 
G I,. . . , G, and some integer 1. 
(iv) ip is decomposable 
0 FQ is of the form (C~_,Gixi)*(C~~,Gixi)+(C~_,H,xi)(C~=,H,xi)* 
for some I x m matrices G,,.. ., G,, some m x 1 matrices H,,. . . , H,, 
and some integer 1. 
Proof. (i) is obvious. 
(ii): FQ(x,,..., ~~)=~(x~*)=C~,~@(E,~)~~~~, where {Eij}r,j=, is the 
canonical matrix units of M,. By [2, Theorem 21, 
@ is completely positive 
CJ [‘(Eij)lY,jFr E M,(M,)+ 
w there exist m X 1 matrices H,, . . . , H, such that 
- F,(x,,..., ~,)=(~~~,Hixi)(C~=,HiXi)*. 
The proof of (iii) is similar to that of (ii). (iv) follows from (ii) and (iii) by 
the linearity of the map 
REMARKS. 
(1) Since every positive linear map from M, to M,, (m < 3) is decom- 
posable [8, p. 1671, application of Proposition 6 in the case n = 2, m < 3 gives 
an affirmative answer to Question A for m < 3. 
(2) Since for every m > 4 there exist positive linear maps from M, to M,, 
which are not decomposable [8] (see also Example 2), Proposition 6 shows 
that the answer to Question A is negative if m >, 4. 
We are now ready for the promised counterexample. 
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be an M,-coefficient hermitian form with complex indeterminates x1 and x2. 
Then F(x,, x2) > 0 for every x1, x2 in C, but there do not exist 1 x 4 matrices 
G,, G, and 4 x 1 matrices H,, H, such that 
F(x,,x,)= 1 G.x. iif, t t)*( ljlGixi)+( jllHixi)( jllHixi)*’ 
Proof. This is immediate from Example 2 and Proposition 6, since 
F = F,, where Cp : M, -+ M, is positive but not decomposable. W 
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